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Linear-Quadratic-Regulator Pointing Control System
for a High-Altitude Balloon Payload

John E. White* and Jerry R. Etterf
Sandia National Laboratories, Albugquerque, New Mexico 87185

A linear-quadratic-regu.ator (LQR) synthesis technique is employed to prdduce the azimuth and elevation
angle controllers for the pointing of a research balloon science payload. The use of LQR synthesis is motivated
by the multiple-input/multiple-output nature of the azimuth pointing problem. A controllable state space that
is compatible with the LQR synthesis procedure and which produces a controller structure that ensures zero
steady-state tracking is determined for each controller. Time responses and a singular value analysis are used to
analytically evaluate the performance and robustness of the controllers.

I. Introduction

HIS paper is concerned with the development of a linear-

quadratic-regulator (LQR) control system design that is
capable of providing accurate pointing for the science payload
of a NASA/ATA&T Bell Labs/Sandia Labs high-altitude he-
lium research balloon. The payload package resides within the
balloon gondola which is integrated with a helium balloon, a
gondola recovery parachute, and a ballast hopper system. The
assembled system is shown schematically in Fig. 1, and ap-
proximate physical data are given in Table 1. The objective of
the pointing control system is to provide azimuth angle control
of the gondola via the decoupler motor and flywheel, and
elevation angle control of the payload package with dual eleva-
tion motors. The azimuth angle control problem is compli-
cated by the dynamic coupling between the balloon/recovery

parachute and the gondola/ballast hopper via the decoupler -

motor. The azimuth axis control objective is to use the decou-
pler motor to isolate the balloon dynamics from those of the
gondola while accelerating or decelerating the flywheel about
a constant angular velocity to provide precise gondola point-
ing. Large angle reorientations are to be accomplished via a
coordinated use of both the flywheel and decoupler. The eleva-
tion control objective is more straightforward in that the eleva-
tion angle of the science package mounted within the gondola
is controlled directly via the dual elevation drive motors.
The balloon assembly shown in Fig. 1 is intended to provide
improved pointing accuracy for balloon science payloads,
which are typically gamma ray astronomy experiments. This
balloon configuration flew with success on two occasions in
1988 with a NASA Goddard Spaceflight Center designed
pointing control system. Sandia Labs and Bell Labs have also
been involved with an earlier balloon configuration,' which
has flown several times since the first flight in 1975. The pay-
load package of this design is mounted within the gondola with
elevation and azimuth motors driving the payload relative to
the gondola. The balloon and the gondola are connected via a
cable suspension and recovery parachute similar to that of the
balloon assembly of Fig. 1, but without the decoupler motor.
The arrangement of Fig. 1 includes two unique features to
provide improved accuracy in azimuth pointing: 1) a decoupler
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motor for isolating the payload/gondola from the balloon and
2) a flywheel for reducing the effect of friction nonlinearities
on small pointing corrections. The intent of this paper is to
evaluate the use of LQR synthesis to accomplish these control
objectives.

The LQR pointing control system for the balloon assembly
of Fig. 1 consists of three control loops, two of which are
coupled because of the dynamic interaction that exists between
the balloon and the payload gondola. The operator com-
manded variables are elevation angle, azimuth angle, and the
constant flywheel speed. The dynamic coupling between the
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Fig. 1 Balloon assembly schematic.
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Table 1 Apprdximate balloon physical properties
Weights, Ibp: gondola 2500, payload 2000, ballast 1000

goridola 20090.28
flywheel 260.42

payload 2798.61

decoupler 0.05
flywheel 0.05
elevation 0.05

Azimuth axis inertia, lbpft?:

Elevation axis inertia, by ft2:

Friction coefficients, 1bsft s:

Motor constants, Ibsft/A: decoupler 0.31
flywheel 0.996

elevation 112.65

Back emf constants, V/rad/s: decoupler 0.42
flywheel 1.36
elevation 0.42

decoupler 0.0026
flywheel 0.005
elevation 0.0026

decoupler 1.23
flywheel 1.55
elevation1.23

Winding inductances, H:

Winding resistances, Q:

azimuth angle and the flywheel speed control loops must be
accounted for in the control system design. The elevation axis
pointing of the science package is assumed for control system
design purposes to be dynamically uncoupled from the az-
irhuth axis behavior so that the.elevation angle control loop
can be independently designed. The sensor package that pro-
vides the control system feedbacks includes a magnetometer
for the measurement of azimuth and élevation angles, rate
gyros for the measurement of rotation rates about the azimuth
and elevation axes, and a tachometer for the measurement of
flywheel speed. All of the control motors are driven by vari-
able-voltage amplifiers which are commanded by the voltages
output from the control laws.

Because of the coupled nature of the balloon azimuth angle
pointing control problem, dn LQR. synthesis technique?? is
pursued. LQR methodology is directly applicable to multiple-
input/multiple-output (MIMO) problems such as that encoun-
tered with the balloon azimuth angle controller and inherently
provides the proper loop interconnections. LQR syrithesis is
also applicable to single-input/single-output (SISO) problems
and is used here to design the balloon elevation angle con-
troller and a backup azimuth angle controller. The structure of
the LQR SISO compensators is similar to a structure that
might be obtained via a classical approach. The MIMO com-
pensator is less easily. designed by classical synthesis tech-
niques. While a classical approach to MIMO contro! problems
is usually possible, the selection of the interconnections and
individual gains generally complicates the design process and
may produce a controller with poorer performance than that
obtained by thé relatively straightforward, albelt careful; use
of LQR synthesis.

As discussed in Refs. 2 and 3, the prlmary “control des1gn
consideration is the choice of the state space upon which LQR
synthesis is to be applied. The choice of state space in LQR is
taritamount to the choice of comperisator structuré in classical
SISO controller design.? Hence, the compensator structure for
LQR synthesis can be designed or modified by the appropriate
choice of the state space. The chosen state space must be
controllable and must not have input command dependerit
system paramieters, and all of the states and controls must be
zero in steady state. A state space so formed has a weil-be-
haved infinite time quadratic performance index and is suit-
able for LQR synthesis. The state space should also ensure
zero steady-state errors even in the presence of parameter and
model uncertainty. This occurs quite naturally when the
methodology of Refs. 2 and 3 is implemented because of the
resulting integral compensation. The balloon LQR state spaces
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are formulated to meet the precéding requirements so as to
track step commands in each of the controlled variables.

The state and control weighting matrices in the LQR perfor-
mance index are to be set so that the system transient response
characteristics and pointing accuracies are consisterit with the
requirements of the scientific payload to be flown. Particular
attention must be given to the azimuth angle controller weight-
ing matrices such that the balloon and gondola ate effectively
decoupled so that the flywheel can accelérate/decelerate about
a constant angular velocity to provide precise accuracy in az-
imuth pointing. The robustness of the resulting compensatxon
must also be considered. Full state feedback is required to
ensure the LQR gain and phase margin results of Refs. 4-6. In
the case of the balloon azimuth and elevation angle control
systemn désign to be discussed; all of the required states are
measured. However, the guaranteed LQR robustness resiilts of
Refs. 4-6 also require that the controls be equally weighted in
the performance index. In the case of the azimuth angle con-
troller; simulation studies indicate that the performance of the
system is improved with unequal weights on the controls. A
smgular value analysis is. employed to evaluate stability mar-
gins and parameter sensitivity, whereas transient responses are
used to evaluate the time domain performance of the con-
trollers.

II. System Dynamics
A. Nonlinear Dynamics

This section derives simplified nonlinear equations of mo-
tion for the balloon system. The azimuth and elevation dynam-
ics are assumed to be uncoupled which implies that the gon-
dola hangs directly beneath the balloon without pendulous
swinging. This sxmpllflcatlon also ignores the very small
amount of gyroscopic coupling between the axes due to the
flywhee!l angular momentum. The nonlinear effects due to the
transition of the elévation and decoupler motors from a static
to a kinetic friction coefficient are also omitted, although the
pointing accuracy attainable by the elevation and decoupler
alone (backup operatlng mode) control loops will ultimately bé
limited by this nonlinearity. These simplifications are reason-
able for a model constructed for preliminary control system
evaluation.. v 3 ‘

Thé balloon/gondola assembly is shown schematically in
Fig. 1. The system model comprises the rigid bodies B, D, G,
W, and BH, which are free to rotate about the azimuthal
reference axis. The orientations of the respective bodies are
described by the generalized coordinates gz, gp, 9, qw, and
qpr . Body B represents the balloon envelope and supports the
gondola assembly, which consists of the decoupler motor D,
the gondola G, the flywheel W, and the ballast hopper BH.
Each of these bodies has a moment of inertia about the refer-
efice axis designated by J; wheré the subscript i is replaced by
B, D, G, W, or BH depending on which body is under consid-
eration. Bodies D, G, and W are connected to each other by
means of bearings, whereas the pairs of (B,D) and (G,BH)
are conriected together by cable suspensions. The cable suspen-
sionis are assumed to behave as torsional springs. For. smail
relative rotations (a good assumption here), between Band D,
and G and BH, the torsional spring torques can be expressed
as

Tsp = kgp sin(gp —gs) 1
Tosr = Kgpa sin(gpn —qc) @

The sine functions in Eqs. (1) and (2) are required because of
the nature of the cable suspensions. Tp and Ty are the control
torques applied to the system by d.c. motors located at the
decoupler and the flywheel. There are also frictional torques
produced by the relative rotations of the bodies. These torques
arise from the bearing frictions of the decoupler and flywheel
motors. The bearing friction torques are proportional to the
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relative speed between D and G, and between G and W. These
torques are

Tpe =wup(@s —qp) 3)
Tow =pww(@w—4qc) (4)

The various quantifiable torques acting on the balloon/gon-
dola system are shown in Fig. 2. Aerodynamic friction torques
have been neglected, since the balloon will generally operate at
altitudes where the atmospheric density is minimal, Dlstur-
bance torques (such as wind disturbances) are also not’ m-
cluded in the model.

The nonlinear equatlons of motion about the a21muthal axis
are obtained by summing the torques actmg on each body in-
dependently and applying

LT =14, (8))
where i is to be replaced by B, D, G, W, or BH. The applica-

tion of Eq. (5) to each of the respective elements of the bal-
loon/gondola assembly produces

kpp sin(gp —qg) = Ipds 6)
Tp —kpp sin{gp —¢s) + 1p(de —4p)=Ipdp @)

~Tp—Tw +kcpu Sin(gpy — qc) — mpldc —qp)

+uw(@w —4c)=1s4c ®
Tw—puw(@w—96) =Iwgw ®
— kg Sin(gpr —qg) = Isnisn (10)

These equations of motion can be rewritten more conveniently

in terms of the variables defined by 0=¢gp ~gz, 6=95 —qp,

B=qpn—dc, ¥ =4, and 8 =gy If the preceding equations of

motion are combined in terms of these variables, the nonlinear
equations of azmuthal motion become

o=fgdt (1)

6= —kgp(1/Ig +1/1Ip) sin(e) + (up/Ip)s+(1/Ip)T,  (12)
6=(kgp/Ip) sin(e) — pp(1/1, + 1/15)6

+ (kou/ 1) Sn(B) — (uw/Io W+ (/1)

—kp(1/1g + 1/Ip)Tp —(1/15)T,, @3
B=iBdt | (14)
B=(up/I6)8—kepr(1/Ipy +1/15) sin(B) + (uw/Ig )Y

——(uW/IG)9+(l/IG)TW+(1/IG)_TD (15)
y=fydr (16)

Y= —(up/16)+ (kgpn/Ic) sin(B) — (uw/Ic W + (uw/1)0
—(I/IG)TD —(I/IG)TW an
0=f6ds 18)
b= (uuw/In)W —~ (ua/Ip)0+ /Iy Ty (19)

The linear differential equations of motion for the elevation
axis are given in Eqgs. (20) and (21) of the next section, where
¢ is the elevation angle and ¢ is the time rate of change of that
angle. The torques that are assumed to act on the system dre
1) the torque due to the dual elevation drive motors T, and

— kp 31n(qD-qB)

ID -~ kBD s:v.n(qD—qB)
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Fig. 2 Torques acting on l_)allo(_)p components.

2) a friction torque T, which is propomonal to the relative
angular velocity between the gondola and instrument package.
This relative angular velocity is identical to the elevation angle
rate, since the gondola is assumed to hang directly beneath the
balloon envelope.

B. Linear Dynamics
The linear dynamical equations of motion for the balloon
and gondola system are written as

b=[dds ' (20)
b= —(ue/Ie)d+(1/I) T 1)
o={odt 22)

o= —kgp(1/Ig +1/Ip)o+ (up/Ip)o+ (1/Ip) Tp 23

8=(ksp/Ip)o—(1/Ip +1/15)8+ (kgan/16)B — (bw/Ic )

+(u/I6)0~ (/1 +1/Ip) Tp— (1/16) Tw 4
B={pdt 5)

B=—kosu(1/Isx +1/16)8 + (up/16)6 ~ (uw/16)9
+ (uw/Io)W + (/1) Tp +(1/16) Tw (26)

Y=Y dr @7
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Y= —(up/I6)+ (keau/Ic)B~ (uw/IcW + (uw/15)b

W/ 1I)Tw— (/1) Tp, (28)

b= (uw/In W~ (uw/Tw)0 + (/1) T (29)

where all of the variables have previously been defined in Sec.
A. The preceding dynamics have been used in the design of the
balloon pointing control system with kgp and kggy set to infin-
" ity. These assumptions imply that the balloon/parachute com-
bination acts as a rigid body (i.e., 0=0 and §=y) and that the
gondola/ballast hopper connection does not allow any relative
motion (i.e., 8=0). The dynamic coupling between the bal-
loon and the payload gondola is evident from the azimuth rate
differential equation, which is a.function of §, and therefore,
¢ and 4.

The dc electrical motors used to provide the control torques
can be modeled simply in terms of a motor constant relating
the output torque to the input current and a differential equa-
tion relating current output to the input voltage. These equa-
tions can be written symbolically as

T, =Kii; (30)
d . ,
a (i) = —(Kpi/Li)w; —(Ri/L)i; + (1/L)u; 31

where i is replaced by E, D, or W, depending on which motor
is being discussed, and u; represents the voltage control input

E, | [o1 0

E, 00 ~1

d .. | _

d—t(cb) =10 0 —(gpe/Ig)
d2

EUE) 0 0 —(Kue/Lg)

to the respective motor. Also, K; is the motor constant, R; the
motor winding resistance, L; the motor inductance, and K, the
back emf constant of the motor winding. The state variable w;
in Eq. (31) represents the speed of the ith motor, where i is E,
D, or W. For control design purposes, it is assumed that w; is
¢, —y, or 6, for i replaced with E, D, or W, respectively.

III. State Space Formulation and LQR Synthesis
A. State Spaces for LQR Controller Synthesis

A general characteristic of control systems is that of driving
some steady-state tracking error to zero. It is also generally
considered desirable that the zero steady-state tracking error
be insensitive to system parameter variations. For these rea-
sons, the system tracking errors are natural state variables for
the LQR synthesis procedure.>® The three tracking errors in
the balloon pointing control system design are

Ey=f9c—0 (32
Ey=yc—y (33)
Ey=¢c—¢ (34)

where the variables with C subscripts are constant step input
commands, and the state variables without subscripts are mea-
sured feedbacks. The differential equations for the tracking
error states can be written as

Ey=—~14 (35)
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Ey=—y (36)
E,=—¢ 37

The state space used with the LQR synthesis procedure is
now determined separately for each control loop. First con-
sider the elevation angle control problem. For control system
design purposes, the elevation behavior is assumed to be dy-
mamically uncoupled from the rest.of the vehicle dynamics
and is formulated as a SISO control loop. However, the eleva-
tion angle control loop must be able to accommodate such
unmodeled effects as pendulous coupling between the azimuth
and elevation axes and/or wind disturbances. A consistent
state space can be formed if Eq. (37) is combined with Egs.
(21), (30), and (31). This state space is controllable and does
not include any input command dependent terms, and all of
the states and controls are zero in steady state for step input
commands. This state space is, therefore, suitable for LQR
synthesis. The pointing performance of a controller based
upon this state space representation may be inadequate, how-
ever, because of unmodeled dynamics such as pendulous
swinging of the gondola. This can be interpreted from an LQR
synthesis perspective as states and/or controls with nonzero
steady-state values (e.g., ir). A linear controller based on this
state space is equivalent to a proportional-derivative positional
controller in classical control analysis. Improved elevation
pointing performance is likely with the addition of an integra-
tor state, such that proportional-integral-derivative (PID)
compensation is employed. This is accomplished with LQR
synthesis by combining Eq. (37) with the time derivatives of
Egs. (37), 1), (30), and (31). These equations can be written
in the matrix form x=Ax + Bv as

o |[ & ] | 1
E
? (38)
(eKz/Ig) & + 0 ug
d
—(Rg/Lg) EUE) (1/Lg)

where the state space is x7=[E,,E,,¢,d7d¢(iz)]7, and the
scalar control variable is v = izg. The states and controls are all
zero in steady state in this case even if the motor current is
piecewise constant. Again, the state space is controllable, and
there are no input command dependent terms in the state space
representation. This state space satisfies the requirements out-
lined in Refs. 2 and 3 and produces an LQR controller with
PID compensation, such that zero steady-state tracking is at-
tained even in the presence of the possible model uncertainties.
Integral compensation results from the fact that the controller
is mechanized with the integral of the state space, but with the
gains determined via LQR synthesis on Eq. (38). This mecha-
nization is required to provide the proper motor input of
voltage (rather than voltage rate), and the motor input integra-
tion cancels the differentiation required to produce the LQR
state space with integral compensation. Also, the derivative
compensation is implemented as a gain operating on rate feed-
back.

A backup (failed flywheel) azimuth angle controller state
space can be determined in a manner analogous to that of the
elevation angle loop. Because of the simplified azimuth axis
dynamics (see Sec. I1.B) used for control design purposes, the
azimuth angle controller must be able to cope with the non-
rigid nature of the balloon/parachute suspension, as well as
the nonrigid connection between the gondola and the ballast
hopper. Furthermore, the azimuth loops must also be able to
handle other unmodeled effects such as pendulous coupling
between the azimuth and elevation axes and/or wind distur-
bances. First, Eq. (36) is combined with the time derivatives of
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Egs. (36), (28), (30), and (31) to form a consistent state space.
This state space is then determined to be acceptable for the
LQR synthesis procedure, since there are no input command
dependent terms, and all of the states and controls are zero in
steady state for step input commands. The azimuth angle
controller design state space that results from the use of just
the decoupler motor is written in matrix form as

which will also produce PID compensation in the LQR design
process. The integrator is included to account for the previ-
ously discussed model uncertainties. The derivative compensa-
tion is again mechanized as a gain in a rate feedback loop. The
state space here is xT=[Ey, Ey, , d/d¢(ip)]7, whereas the
scalar control is v =1#,.

The full-up azimuth angle state space for MIMO LQR syn-
thesis is more complicated, but can be determined in a manner
similar to that used for the SISO control loops. Equation (35)
is first equated with the negative of Eq. (29), #nd then Egs. (36)
and (28), and the D and W subscripted versions of Egs. (30)
and (31) are combined to form a consistent state space where
¢ is replaced with Ej by adding and subtracting appropriate
terms in §c. Input command dependent terms appear in this
state space representation, and all of the states and controls
(e.g., iw and uy) do not generally have zero steady-state
values. For these reasons Egs. (36), (28), and (29), and the D
and W subscripted versions of Egs. (30) and (31), are differ-
entiated and combined with Egs. (35) and (36) to form a
new state space that is controllable, consistent, has no input
command dependent terms, and has zero steady-state values
for all state and control variables. The controllability of
the MIMO state space must be evaluated after the addition
of the integrator states to avoid the introduction of uncontrol-
lable modes.> This LQR synthesis compatible state space
can be written in the matrix form of X=Ax + Bv where
the control matrix is v”=[iy, #p]” and the state space is
xT=[Ey, 0, E,, E,, §, d/dt(iy), d/dt(ip)}”. The system ma-
trices are given by

0 -1 0 0 0 0 0
0o 8% o ¢ Suw gKw
Iy Iy Iy
0 0 0 0 0
A= 1|0 0 0 0 -1 0 0
+
0o % 4 o _glwwtpp) gKw  gKp
Iy I I I
R
o —Kew o 0 - 9
Ly Ly
0 0 00 Koo 0 _Rp
i Lo >
1 T
00 00 0 — 0
Ly
BT= | 40)
0 00 00 0 —
D

This procedure produces a MIMO controller that has a PID
structure in the azimuth angle channel and a PI structure in the
wheel speed channel. Integral compensation is required in this
case to properly decouple the payload gondola from the bal-
loon and to provide good tracking, even for such unmodeled
effects as pendulous swinging and wind disturbances. As in the

e, T fo1 0 1M e 1 [ o]
E, 00 ~1 E, 0
d . . .
O [=10 0 —Gule) —@Ko/le)| | ¥ |+ | o | (39)
& d .
F(ID) 0 0 (Kep/Lp) —(Rp/Lp) d—t(lp) (1/Lp)

case of the SISO controllers, the derivative feedback of the
azimuth angle channel is mechanized as a gain in a rate feed-
back loop.

B. Linear Quadratic Regulator Procedure
The LQR synthesis problem is that of determining the con-
trol that minimizes the performance index

J=[(x"Ox+vTRv) dt 41)
where R >0 and Q =0, subject to the dynamic constraints
x=Ax+Bv 42)

where the A and B matrices for the balloon control loops are
defined symbolically in part A of this section. The solution to
this optimization problem is a linear controller of the form

v=—(R"'BTP)x=—Gx 3)

where P is the algebraic matrix Riccati equation solution.”®
The constant gain matrix, G, can be determined from any of
the computer-aided control system design software packages
which are currently available to solve the LQR optimization
problem. Although the preceding optimization problem is
stated in continuous time, the simulation test gains for the
balloon are based on determining the discrete form of Eq. (42)
and the associated discrete gains for a particular sample rate.
Numerical difficulties due to scaling problems are sometimes
observed if the fast motor dynamics are included in the state
space representation with the relatively slow system dynamics.
Although there have been no problems in using the gains deter-
mined in such cases, the difficulty is alleviated with little or no
performance degradation by removing the motor dynamics
from the state space representation.

The various LQR determined compensators are depicted in
block diagram form in Figs. 3-5. In each case the motor cur-
rent state feedbacks have been omitted, since the gains on these
states are extremely small and negligible, because of the fast
dynamic response of the motors relative to the other system
dynamics.

The LQR state weighting matrix for each of the balloon
control loops is chosen so as to satisfy several design criteria.
In each case, Q is chosen to position the closed-loop system
poles such that they provide acceptable transient response be-
havior, reasonable system bandwidth, and gains that do not
produce intolerable noise amplification. Because of the addi-
tion of the closed-loop zero in the PID positional control
loops, as the weighting on the integrator state [error variable
in Eq. (42)] is reduced to zero, the integrator gain approaches
zero and the compensation approaches that of a proportional-
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derivative controller. This feature simplifies the adjustment of
the relative degree of integral compensation. System parame-
ter variation sensitivity is also used to evaluate the choice of
each state weighting matrix.

In the case of the MIMO azimuth angle controller, adequate
decoupling between the azimuth angle and flywheel speed
channels is added to the list of design requirements. This is
accomplished with a careful choice of Q, as well as an appro-
priate choice of R. The state weighting matrix is selected to
place maximum emphasis on minimizing the azimuth angle
error variables by choosing diagonal weighting elements on the
azimuth angle error states which are two and three orders of
magnitude, respectively, larger than the wheel speed error state
weighting. To reduce nonlinear effects on pointing accuracy, it
is also considered desirable that the azimuth angle pointing be
accomplished primarily by the flywheel, with the decoupler
serving only to uncouple the gondola from the balloon/recov-
ery parachute dynamics. This has been achieved by selecting a
diagonal control weighting matrix such that the decoupler mo-
tor control weighting is one order of magnitude greater than
that of the flywheel motor control weighting.
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IV. Singular Value Analysis

The robustness of the LQR balloon control system has been
investigated with the use of singular value analysis. Singular
value analysis is analogous to the SISO gain and phase margin
measures of the closeness of the Nyquist plot to the (—1,0)
point in that the measure of this distance for MIMO systems
is in terms of the singularity of a matrix. The LQR with a
control weighting matrix of the form of an identity matrix
multiplied by a scalar has been shown in Refs. 5 and 6 to have
useful robustness properties. For a diagonal error model (no
coupling between channels), the LQR has simultaneously in
each feedback loop a guaranteed minimum gain margin of
(—6,0) dB and a guaranteed minimum phase margin of =+ 60
deg. Since the controls of the MIMO azimuth controller are
not equally weighted, a measure of the gain and phase margins
of the proposed design is required. The procedures of Ref. 9
are applicable, given the singular values of the return differ-
ence matrix

D(s)= [1+1<(s)G,,(s)] (44)

A
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where K (s) is the compensator transfer matrix and G, (s) is the
plant transfer matrix given by G,(s)=C(s] —A4)~!B such that
K(5)G,(s)=G(sI —A)~!B. These gain and phase margin re-
sults are associated with the nominal system. Singular value
analysis can also be useful in assessing the robustness of the
system with respect to parameter variations and neglected dy-
namics. The matrix of most interest here is the inverse return
difference matrix

T(s)=1+ [K(s)G,,(s)] -1 45)

" The central robustness relationship!® (which guarantees that
the matrix 7 + L does not lose rank) is that

g [T(w)] >s[L (w)] (46)

for all frequencies w, where the smallest singular value ¢ and
the largest singular value 6 are found from the respective
square roots of the eigenvalues of the Hermitian matrix
T(-w)"T(w) or L(—w)TL(w). L(w) is a multiplicative error
model, since, if G,(s) is the nominal plant, then the perturbed
plant G, is expressed as

G} = G,,(s)[I +L (s)] @7

If condition (46) is satisfied, then stability is guaranteed. The
condition given by Eq. (46) is conservative, and failure to meet
this condition does not necessarily imply system instability.
The recent literature!!!? has described efforts at developing
less conservative stability tests.

The construction of the error models is important to evalu-
ate control system robustness. The error models of most con-
cern here are those associated with the important system
parameters in the A and B matrices. The error model associ-
ated with parameter variations can be derived with the use of
a matrix identity. Define y(s) = (sI — 4)~!. A parameter varia-
tion can alter both the A and B matrices. These perturbations
are denoted here by and AA and AB, respectively. The per-
turbed plant is given by

G;=C[t//'l+AA]‘1(B—-AB)=G,,(I+L,,) (48)
With the use of the matrix inversion lemma!?

W1+ AA) =y —yYAAI +YAA) Y 49
Eq. (48) becomes

G,;*=C[1//—¢AA(I+¢AA)“¢](B—AB) (50)
Since G, = Cy¥B, Eq. (48), using Eq. (50), produces
#(L,)= a(Gp-lc¢[AB +AA +yAA)-1YB
—AA (1+¢AA)—1¢AB]) 1)

This error model has been used to evaluate the robustness of
the balloon LQR controller designs as is discussed in the next
section. )

V. System Performance

The performance of the balloon payload pointing control
system has been evaluated from a singular value analysis and
from time response behavior against a dynamic simulation
based on Eqgs. (11-21) and Egs. (30) and (31).

Azimuth controller gains and the associated weighting ma-
trices and system eigenvalues are given in Table 2. The eleva-
tion axis controller will not be discussed here since perfor-
mance against the simple linear model of Eqs. (20) and (21) is
not particularly instructive.

Representative simulated azimuth axis transient responses
are given in Figs. 6-8. The normal azimuth angle controller has

been used to produce Figs. 6 and 7, whereas the backup az-
imuth angle controller has been employed to generate Fig. 8.
The transient nature of the MIMO azimuth angle controller is
given in Fig. 6 for an azimuth angle command of 10 deg. The
corresponding transient response of the flywheel is given in
Fig. 7. The flywheel was operating in steady state with an
angular velocity of 60 rpm when the step command was input
to the azimuth angle controller. The flywheel transient serves
to help reorient the gondola, but the flywheel returns to its
commanded steady-state angular velocity once the reorienta-
tion is complete, since the decoupler has effectively isolated the
balloon from the gondola. The decoupler is capable of han-
dling the azimuth pointing of the gondola in the case of a failed
flywheel motor as shown in Fig. 8. The transient response
performance of the decoupler-alone controller is generally
poorer than that obtained from the coordinated use of the
flywheel and decoupler, however. In addition to the nominal
responses, off-nominal responses due to parameter variation
are also shown in Figs. 6-8, with the off-nominal responses
labeled by P or M. The parameters of significance are the
motor friction coefficients and motor effectiveness constants.
These parameters are subject to considerable change due to the
harsh upper-atmosphere environment in which the balloon
operates. The P transients include parameter variations of
+100% in the friction coefficients and —50% in the motor
constants for the MIMO controller. The decoupler motor con-
stant is reduced by only 20% in the P transient of the decou-
pler-alone azimuth controller. The M transients include pa-
rameter variations of — 100% in the friction coefficients and
+ 50% in the motor constants. The performance of the MIMO
azimuth controller is not seriously degraded by these large
parameter variations. The SISO azimuth controller is much
more sensitive to parameter variation, particularly to a de-
crease in the decoupler motor constant. Both controllers are

Table 2 Azimuth control systems

MIMO azimuth controller

Performance index weights
Q(l,)=1, Q(3,3)=50, Q(4,4)=1000, all other elements are zero
R(1,1)=1, R(2,2)=10, all other elements are zero

Continuous time gains
0.4931 —0.8570 —6.1516 -~—68.8725 294.7756 0.0 0.0
—0.2751 3.8795 —~1.1026 -—-25.8651 308.4734 0.0 0.0

Sample rate Az =0.10 s gains
0.48 —0.88 ~-5.97 —67.03 287.56 0.0 0.0
-0.27 3.86 —1.09 -25.67 307.19 0.0 0.0

Open-loop S-plane eigenvalues 0.0
(motor dynamics omitted) 0.0
0.0

—~0.0063

—0.0001

Closed-loop S-plane eigenvalues —0.2547+0.26167
(motor dynamics omitted) —0.0577 £0.0769i
—-0.1112

SISO (decoupler only) azimuth controller

Performance index weights
Q(1,1)=2, Q(2,2)=20, all other elements are zero
R(1,1)=1

Continuous time gains
~1.4142 —32.2130 359.6423 0.0

Sample rate Az =0.10 s gains
-1.40 —-32.00 358.04 0.0

Open-loop S-plane eigenvalues 0.0
(motor.dynamics omitted) 0.0
-0.00008014

Closed-loop S-plane eigenvalues —0.0878
(motor dynamics omitted) —0.0456+0.0770i
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relatively insensitive to changes in the friction coefficients
when compared to similar motor constant variations.

A singular value plot of the return difference matrix [Eq.
(44)] is given in Fig. 9. This plot shows a minimum of —0.9
dB. Since an LQR design with equal control weights would
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Fig. 9 Singular values of MIMO return difference matrix.
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Fig. 10 Singular values of MIMO inverse return difference matrix
and parameter variation error model.

have a minimum of 0.0 dB, there is a stability margin penalty
in this case for the unequal control weights. The gain and
phase margins of this design can be determined from Ref. 9 as
a gain margin of (—35, +20) dB and a phase margin of +33
deg. Figure 10 shows the singular values of the inverse return
difference matrix [Eq. (45)] for the MIMO azimuth angle con-
trol system plotted against the error model [Eq. (51)] for the
parameter variations of +100% in the friction coefficients
and —50% in the motor constants. Since 6(L,) < g(T) for all
frequencies, stability is guaranteed. Although the plots are not
shown, individual parameter variations confirm that the con-
troller is more sensitive to changes in the motor constants than
in the friction coefficients. Similar parameter sensitivity stud-
ies have also been used to evaluate the robustness of the SISO
systems.

V1. Conclusions

The application of linear-quadratic-regulator (LQR) theory
to the design of a pointing control system for a high-altitude
research balloon payload is described. This approach is moti-
vated by the multiple-input/multiple-output (MIMO) nature
of the azimuth axis pointing problem. The choice of the state
space upon which the LQR synthesis is to be applied is anal-
ogous to the selection of the compensator structure in classical
control theory. The state spaces are selected to ensure zero
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steady-state tracking for parameter variation and modeling
uncertainty by the addition of states which are equivalent to
the addition of integrators to the compensator. The resulting
state spaces are consistent and controllable with each of the
state variables zero in steady state. The controllability of the
MIMO state space is verified after the addition of the integra-
tor states to avoid the introduction of uncontrollable modes.

The choice of the weighting matrices in the LQR perfor-
mance index is analogous to the choice of gains in a classical
approach. The bandwidth of the system and relative speed of
the system modes are adjusted (within the constraints imposed
by LQR synthesis) for acceptable performance via systematic
adjustments of the weights. To provide improved decoupling,
the controls of the MIMO azimuth angle controller are not
weighted equally.

The robustness of the control system design is mvestlgated
with a singular value analysis. Gain and phase margins are
determined from the minimum singular value of the return
difference matrix. Since the MIMO azimuth controller design
does not have equal control weights, these margins are some-
what smaller than the gain and phase margins which are
typically assumed for LQR designs. Stability against parame-
ter variation is evaluated with plots of the minimum singular
value of the inverse return difference matrix against the maxi-
mum singular value of a multiplicative error model. Although
this test is conservative, stability is guaranteed for the MIMO
azi-muth angle controller for large variations in the important
system parameters. The time response behavior of the control
system is also tested in a single-degree-of-freedom, simplified
nonlinear simulation. The performance of the MIMO azimuth
angle controller is not seriously degraded by the introduction
of the large, but not destabilizing, parameter variations from
the singular value analysis.

The LQR pointing control system design of this paper ap-
pears to have the potential for providing the desired pointing
accuracy of 0.1 deg or less in azimuth and elevation angle.
However, a final assessment would require the use of a more
sophisticated simulation or hardware-in-the-loop testing to

better quantify the attainable accuracy in the presence of all of
the system nonlinearities.
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